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The main result of this paper is a construction of fundamental domains for certain group
actions on Lorentz manifolds of constant curvature. We consider the simply connected Lie
group G˜ = S˜U(1,1). The Killing form on the Lie group G˜ gives rise to a bi-invariant Lorentz
metric of constant curvature. We consider a discrete subgroup Γ1 and a cyclic discrete
subgroup Γ2 in G˜ which satisfy certain conditions. We describe the Lorentz space form
Γ1 \ G˜/Γ2 by constructing a fundamental domain for the action of Γ1 ×Γ2 on G˜ by (g,h) ·
x = gxh−1. This fundamental domain is a polyhedron in the Lorentz manifold G˜ with totally
geodesic faces. For a co-compact subgroup Γ1 the corresponding fundamental domain is
compact.
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1. Introduction
In the context of Riemannian manifolds, there are standard constructions for fundamental domains, for example Dirichlet
regions. However, in the context of semi-Riemannian manifolds, such constructions are rare. The main result of this paper
is a construction of fundamental domains for certain group actions on Lorentz manifolds of constant curvature.
We consider the universal cover G˜ of the group G of orientation-preserving isometries of the hyperbolic plane. The
Killing form on the Lie group G˜ gives rise to a bi-invariant Lorentz metric of constant curvature. We consider a discrete
subgroup Γ1 and a discrete cyclic subgroup Γ2 in G˜ which satisfy the condition (∗) speciﬁed below. In this paper we
describe a construction of fundamental domains for the action of Γ1 × Γ2 on S˜U(1,1) by (g,h) · x = gxh−1. The resulting
fundamental domain is a polyhedron in the Lorentz manifold G˜ with totally geodesic faces. For a co-compact subgroup Γ1
the corresponding fundamental domain is compact. The precise formulation of these results is contained in Theorem 1.
The study of discrete subgroups of ﬁnite level is motivated by the connections between these subgroups and quasi-
homogeneous isolated singularities of complex surfaces studied by J. Milnor, I. Dolgachev, and W. Neumann [9,4,10,11]. The
class of subgroups for which we construct fundamental domains corresponds to an interesting class of singularities. There is
a 1–1-correspondence between the subgroups from this class and quasi-homogeneous Q-Gorenstein surface singularities. In
particular the bi-quotients of the form Γ1\G˜/Γ2 are diffeomorphic to the links of quasi-homogeneous Q-Gorenstein surface
singularities. For a more detailed treatment of this connection see [13] and [1, Sections 1–2].
The construction described in [12,1,14] can be understood as a special case of the construction described in this paper
when the subgroup Γ2 is trivial.
A bi-quotient of the form Γ1\G˜/Γ2 is a standard Lorentz space form. The standard Lorentz space forms were studied by
R.S. Kulkarni and F. Raymond [8]. Examples of non-standard Lorentz space forms were found by W. Goldman [7], É. Ghys [6],
E-mail address: annap@liv.ac.uk.0926-2245/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
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508 A. Pratoussevitch / Differential Geometry and its Applications 29 (2011) 507–515and recently by F. Salein [15]. The survey [2] of Th. Barbot and A. Zeghib and the paper [5] of Ch. Frances are good references
for the reader interested in group actions on Lorentz manifolds. The results of this paper suggest that the description of
Lorentz space forms by means of fundamental domains could be extended to include non-standard Lorentz space forms.
Let us specify the conditions that we want to impose on the subgroups Γ1 and Γ2. We consider the universal cover of the
group G = PSU(1,1) of orientation-preserving isometries of the hyperbolic plane. Here our model of the hyperbolic plane is
the unit disc D in C. The kernel of the universal covering map S˜U(1,1) → PSU(1,1) is the centre Z of the group S˜U(1,1),
an inﬁnite cyclic group. Therefore, for each natural number k there is a unique connected k-fold covering of PSU(1,1). For
k = 2 this is the group
SU(1,1) =
{(
w z
z¯ w¯
) ∣∣∣ (w, z) ∈ C2, |w|2 − |z|2 = 1}.
The level of a discrete subgroup Γ ⊂ S˜U(1,1) is the index of Γ ∩ Z as a subgroup of Z .
Condition (∗). We consider a discrete subgroup Γ1 and a discrete cyclic subgroup Γ2 in S˜U(1,1) of ﬁnite level k. We suppose
that the images Γ 1 and Γ 2 of Γ1 respectively Γ2 in PSU(1,1) have a joint ﬁxed point in D, i.e. there is a point u in D
which is ﬁxed by a nontrivial element of Γ 1 and by a nontrivial element of Γ 2. For i = 1,2, let pi be the smallest order
of a nontrivial element in Γ i that has u as a ﬁxed point. Let p = lcm(p1, p2) be the least common multiple of p1 and p2.
Furthermore we assume that p > k. (Our construction depends on the choice of the ﬁxed point u ∈ D.)
The paper is organized as follows: We start in Section 2 with some general remarks on the Lie groups SU(1,1) and
S˜U(1,1) and their embeddings in the 4-dimensional pseudo-Euclidean space respectively in a certain R+-bundle, the uni-
versal cover of a positive cone in that pseudo-Riemannian space. We describe in Section 3 the elements of the construction,
such as aﬃne half-spaces and their substitutes in the R+-bundle. We also deﬁne prismatic sets Qx , certain ﬁnite intersec-
tions of half-spaces, and study their properties. We then describe the construction and show that the resulting polyhedra
are indeed fundamental domains. In Section 4 we describe our explicit computations of fundamental domains for particular
pairs of discrete subgroups and give pictures of these fundamental domains.
2. Preliminaries
We consider the 4-dimensional pseudo-Euclidean space E2,2 of signature (2,2). We think of E2,2 as the real vector space
C2 ∼= R4 with the symmetric bilinear form〈
(z1,w1), (z2,w2)
〉= Re(z1 z¯2 − w1 w¯2).
In the pseudo-Euclidean space E2,2 we consider the quadric
G = {a ∈ E2,2 ∣∣ 〈a,a〉 = −1}= {(z,w) ∈ E2,2 ∣∣ |z|2 − |w|2 = −1}.
For a ﬁxed z ∈ C the intersection{
w ∈ C ∣∣ (z,w) ∈ G}= {w ∈ C ∣∣ |w|2 = |z|2 + 1}
is the circle of radius
√|z|2 + 1 1. It holds |w| 1 for any (z,w) ∈ G . The bilinear form on E2,2 induces a Lorentz metric
of signature (2,1) on G . The quadric G is a model of the pseudo-hyperbolic space.
Furthermore we consider the cone over G
L = R+ · G = {λ · a | λ > 0, a ∈ G}.
The cone L can be described as
L = {a ∈ E2,2 ∣∣ 〈a,a〉 < 0}= {(z,w) ∈ E2,2 ∣∣ |z| < |w|}.
For a ﬁxed z ∈ C the intersection{
w ∈ C ∣∣ (z,w) ∈ L}= {w ∈ C ∣∣ |w| > |z|}
is the complement of the disc of radius |z|. It holds w 
= 0 for any (z,w) ∈ L. The bilinear form on E2,2 induces a pseudo-
Riemannian metric of signature (2,2) on L.
We may think of L as an R+-bundle over G with radial projection θ : L → G as bundle map. The map L → D deﬁned by
(z,w) → z/w is a principal C∗-bundle, where the action of λ ∈ C∗ is deﬁned by λ · (z,w) = (λ−1z, λ−1w). Let π : G˜ → G
be the universal covering. Henceforth we identify the Lie group SU(1,1) with G via(
w z
z¯ w¯
)
→ (z, w¯),
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L˜ → G˜ of the R+-bundle θ : L → G under the covering map π : G˜ → G also by θ . The following diagram commutes
L˜
θ
π
L
θ
G˜
π
G
G and G˜ are canonically embedded in L and L˜, respectively. Therefore there exist canonical trivializations L ∼= G × R+ and
L˜ ∼= G˜ × R+ , respectively. The covering L˜ inherits canonically a pseudo-Riemannian metric from L.
We now give a brief description of the full isometry group of G˜ (compare Sections 2.1–2.3 in [8]). The product G˜ × G˜
acts on G˜ via
(g,h) · x = gxh−1
by Lorentz isometries since the metric is bi-invariant. The identity component Isom0(G˜) of the isometry group is isomorphic
to (G˜ × G˜)/Z , where
Z =
{
(z, z)
∣∣ z ∈ Z}
and Z is the centre of G˜ . The full isometry group of G˜ has four components corresponding to time- and/or space-reversals.
Let ε be the geodesic symmetry at the identity given by g → g−1 and η the lift of the conjugation by the matrix
(
0 1
1 0
)
in G ﬁxing the identity. Then ε preserves the space-orientation and reverses the time-orientation, while η reverses both
the space- and time-orientation. Moreover, the group Isom+(G˜) = 〈Isom0(G˜), η〉 is the full group of orientation-preserving
isometries and
Isom(G˜) = 〈Isom0(G˜),η, ε〉∼= Isom0(G˜)  (〈η〉 × 〈ε〉)
is the full isometry group of G˜ .
The universal covering π : L˜ → L of
L = {(z,w) ∈ E2,2 ∣∣ |z| < |w|}
can also be described as
L˜ = {(z,α, r) ∈ C × R × R+ ∣∣ |z| < r},
π(z,α, r) = (z, reiα).
We call the number α ∈ R the argument of the element (z,α, r) ∈ L˜.
The restriction of the covering map π : L˜ → L gives the description of the universal covering π : G˜ → G of
G = {(z,w) ∈ E2,2 ∣∣ |z|2 − |w|2 = −1}
as
G˜ = {(z,α, r) ∈ C × R × R+ ∣∣ |z|2 = r2 − 1},
π(z,α, r) = (z, reiα).
For (z,α, r) ∈ G˜ the positive real number r can be computed from z and α, hence we can also identify G˜ with C × R via
(z,α, r) → (z,α).
The map θ : L˜ → G˜ can be described as
θ(z,α, r) = (λ−1z,α,λ−1r) with λ =√r2 − |z|2.
3. The construction
For g ∈ G˜ let Eg and I g be the connected component of π−1(E¯ g¯) and π−1( I¯ g¯), respectively, containing g , where g¯ =
π(g) is the image of g in G ,
E¯ g¯ =
{
a ∈ L ∣∣ 〈g¯,a〉 = −1}= T g¯G ∩ L
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I¯ g¯ =
{
a ∈ L ∣∣ 〈g¯,a〉−1}= T−g¯ G ∩ L
is the intersection the half-space T−g¯ G of C
2 bounded by E¯ g¯ and not containing 0 with L. E¯ g¯ and I¯ g¯ are simply connected
and even contractible, hence their pre-images under the covering map π consist of inﬁnitely many connected components,
one of them containing g .
The three-dimensional submanifold Eg subdivides L˜ in two connected components, the closure of one of them is I g , and
we denote the closure of the other by Hg . The boundaries of I g and of Hg are equal to Eg .
As an example, for the unit elements e = (0,0,1) in G˜ and e¯ = π(e) = (0,1) in G , we have
I¯ e¯ =
{
(z,w) ∈ C2 ∣∣ Re(w) 1, |z| < |w|},
the boundary E¯ e¯ of I¯ e¯ is a one-sheeted hyperboloid of revolution. The pre-image of I¯ e¯ is
π−1( I¯ e¯) =
{
(z,α, r) ∈ C × R × R+
∣∣ r · cosα  1, |z| < r}.
The connected components of π−1( I¯ e¯) and π−1(E¯ e¯) containing e are
Ie =
{
(z,α, r) ∈ C × R × R+
∣∣∣ |α| < π
2
, r  1
cosα
, |z| < r
}
and
Ee =
{
(z,α, r) ∈ C × R × R+
∣∣∣ |α| < π
2
, r = 1
cosα
, |z| < r
}
.
The subsets Eg and I g have the analogous properties since Eg = g · Ee and I g = g · Ie .
We make use of the following construction (compare [9]). Given a base-point x ∈ D and a real number t , let ρx(t) ∈
PSU(1,1) denote the rotation through angle t about the point x. Thus we obtain a homomorphism ρx : R → PSU(1,1),
which clearly lifts to the unique homomorphism rx : R → S˜U(1,1) into the universal covering group. Since ρx(2π) = IdD ,
it follows that the lifted element rx(2π) belongs to the central subgroup Z of S˜U(1,1). Note that this element rx(2π) ∈ Z
depends continuously on x, and therefore is independent of the choice of x. We easily compute r0(2t) = (0,−t,1) and
hence rx(2π) = r0(2π) = (0,−π,1) for all x ∈ D. Moreover we obtain r0(2t) · (z,α, r) = (zeit,α − t, r) and (z,α, r) · r0(2t) =
(ze−it,α − t, r).
Let Γ1 and Γ2 be discrete subgroups of ﬁnite level k in S˜U(1,1). For i = 1,2, let Γ i be the image of Γi in PSU(1,1). We
assume the existence of a joint ﬁxed point u ∈ D of Γ 1 and Γ 2.
For i = 1,2, the isotropy group (Γ i)u of u in Γ i is a ﬁnite cyclic group generated by ρu(2π/pi), where pi = |(Γ i)u |. The
isotropy group (Γi)u of u in Γi is an inﬁnite cyclic group generated by di = ru(2ϑi), where ϑi = πkpi . We can assume without
loss of generality that u = 0 ∈ D. Under this assumption it follows
di = r0(2ϑi) = (0,−ϑi,1) and di · (z,α, r) =
(
zeiϑi ,α − ϑi, r
)
.
Now let us start with the construction of fundamental domains for the action of Γ1 × Γ2 on G˜ . For a point x in the orbit
Γ1(u) let T (x) be
T (x) = {(g1, g2) ∈ Γ1 × Γ2 ∣∣ g1(u) = x}.
Let
Qx =
⋂
(g1,g2)∈T (x)
Hg1g2 .
As an example, for x = u we have that
T (u) = (Γ1)u × Γ2 =
{(
dm11 ,d
m2
2
) ∣∣m1,m2 ∈ Z}= 〈(d1, e), (e,d2)〉.
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The generator (d1, e) acts on G˜ by left multiplication
d1 · (z,α, r) =
(
zeiϑ1 ,α − ϑ1, r
)
.
The generator (e,d2) acts on G˜ by right multiplication
(z,α, r) · d−12 =
(
zeiϑ2 ,α + ϑ2, r
)
.
Let p = lcm(p1, p2) be the least common multiple of p1 and p2. Let
d = ru(2πk/p) = ru(2ϑ), where ϑ = πk
p
.
The element d acts on G˜ by left multiplication
d · (z,α, r) = (zeiϑ ,α − ϑ, r)
and it acts on the (α, r)-half-plane by the translation mapping
τ (α, r) = (α − ϑ, r).
An important assumption for the following construction is
p > k.
In terms of the element d the assumption p > k means that the argument ϑ of d is less then π .
We have
Qu =
⋂
(g1,g2)∈T (u)
Hg1g2 =
⋂
m1,m2∈Z
Hdm11 d
m2
2
=
⋂
m∈Z
Hdm ,
since 〈d1,d2〉 = 〈d〉.
What does the set
Qu =
⋂
m∈Z
Hdm
look like? The image of the set He under the projection (z,α, r) → (α, r) is
Xe =
{
(α, r) ∈ R × R+
∣∣ r · cosα  1 or |α| π/2}.
The images of the sets Hdm = dm · He under the projection (z,α, r) → (α, r) are the translates τm(Xe) of the set Xe . The
manifold Qu is a disc bundle over its image Xu =⋂m∈Z τm(Xe) in the (α, r)-plane. The shaded area in Fig. 1 is Xu . (The real
line is not part of Xu .) The subsets Qx are images of the subset Qu under the action of the group Γ1 ×Γ2. For any x ∈ Γ1(u)
there is an element g ∈ Γ1 such that g(x) = u. Then Qx = g · Qu .
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have described Qu as a disc bundle over the set Xu in the (α, r)-half-plane R×R+ . We may describe Qu ⊂ L˜ ⊂ C×R×R+
as
Qu = (C × Xu) ∩ L˜.
We think of Xu as a universal covering of a punctured plane polygon. Consider the following diagram of covering maps
R × R+
π
π ′
C∗
π ′′
C∗
where π(α, r) = reiα , π ′(α, r) = r1/keiα/k and π ′′(z) = zk . We now consider the curve π(∂ Xu). It is easy to see that this is a
regular star polygon { 2pk } when k is odd and a regular star polygon { pk } when k is even, whereby a star polygon { nm }, with n
and m positive integers, is a ﬁgure formed by connecting with straight lines every m-th point out of n regularly spaced
points lying on a circle (see H.S.M. Coxeter [3, Section 2.8, pp. 36–38]).
Therefore the curve π ′(∂ Xu) is a curvilinear 2p-gon covering the star polygon once or twice. Let P ′ ⊂ C and P = Pu ⊂ C
be the plane areas bounded by the curvilinear polygon π ′(∂ Xu) and by the star polygon π(Xu). The images of Xu are
the punctured plane polygons π ′(Xu) = P ′ \ {0} and π(Xu) = P \ {0}. We think of the product C × P ′ as a 4-dimensional
2p-gonal prism. C × Xu is the universal covering of the pierced prism C × (P ′ \ {0}). The product C × P ⊂ C2 might be
considered as a 4-dimensional “star prism”. Its axis C × {0} does not meet L ⊂ C × C∗ . Therefore the universal covering
π : L˜ → L maps Qu to the intersection of L with the star prism:
π(Qu) = L ∩ (C × Pu).
In the following lemma we prove some properties of the sets Qx . We ﬁrst give some deﬁnitions. Let s : G˜ → R+ be
a section in the bundle L˜ ∼= G˜ × R+ . We call the set of all (a, λ) ∈ G˜ × R+ such that λ = s(a) the graph and the set of
all (a, λ) ∈ G˜ × R+ such that λ s(a) the subgraph of the section s.
Lemma 1. For a point x ∈ D in the orbit Γ1(u) of the point u under the action of the group Γ1 we have:
(i) For any point (z,w) ∈ π(Qx) we have |w| − |z| |w − x¯z| f (|x|), where f (t) = (1− t2)1/2 · (cos(ϑ/2))−1 .
(ii) The set Q x is a subgraph of a section in the bundle L˜ ∼= G˜ × R+ , while its boundary is the graph of this section.
Proof. In the case x = u = 0 the properties of Qx will follow from the explicit description of the set Qu . Using the fact that
for any x ∈ Γ1(u) there is an element g ∈ Γ1 such that Qu = g · Qx we shall prove the properties of Qx for x 
= u.
(i) The inequality |w| − |z| |w − x¯z| follows from |z| < |w| and |x| < 1. In the case x = u = 0 the inequality |w − x¯z|
f (|x|) reduces to |w| (cos(ϑ/2))−1 for any point (z,w) ∈ π(Qu). Let us consider a point (z,w) ∈ π(Qu) and its preimage
(z,α, r) ∈ Qu . By deﬁnition of the map π we have w = reiα . For the point (z,α, r) ∈ Qu we have (α, r) ∈ Xu , where the
set Xu is the image of the set Qu in the (α, r)-plane R × R+ and corresponds to the shaded area in Fig. 1. The set Xu
is a subgraph of a function R → R+ . Let us denote this function by ϕ . The function ϕ is periodic with period ϑ , hence
it is suﬃcient to describe ϕ on [−ϑ/2, ϑ/2]. For α ∈ [−ϑ/2, ϑ/2] we have ϕ(α) = (cosα)−1. For any α ∈ R we have
ϕ(α) (cos(ϑ/2))−1. The set Xu is the subgraph of the function ϕ , hence (α, r) ∈ Xu implies r  ϕ(α) (cos(ϑ/2))−1 and
therefore |w| = r  (cos(ϑ/2))−1. In the case x ∈ Γ1(u)\{u}, let g ∈ Γ1 be an element such that g(x) = u and let (a,b) ∈ G
be the image of g under π . The element (a,b) ∈ G acts on D by
(a,b) · x = b¯x+ a
a¯x+ b .
The property (a,b) · x = u = 0 implies a = −b¯x. From (a,b) ∈ G we conclude
−1 = |a|2 − |b|2 = |−b¯x|2 − |b|2 = −|b|2 · (1− |x|2)
and hence |b| = (1− |x|2)−1/2. Let us consider (z,w) ∈ π(Qx) and (z′,w ′) = g · (z,w) ∈ π(Qu). On the one hand (z′,w ′) ∈
π(Qu) implies |w ′| (cos(ϑ/2))−1, on the other hand
|w ′| = |a¯z + bw| = |−bx¯z + bw| = (1− |x|2)−1/2 · |w − x¯z|.
Hence
|w − x¯z| (1− |x|2)1/2 · (cos(ϑ/2))−1.
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(ii) In the case x = u = 0 we can describe the corresponding section su : G˜ → R+ explicitly as su(z,α, r) = ϕ(α)r . In the
case x ∈ Γ1(u)\{u}, let g ∈ Γ1 be an element such that Qu = g · Qx . Then the section sx : G˜ → R+ is given by sx(a) =
su(g · a). 
We consider in L˜ the four-dimensional polytope
P =
⋃
x∈Γ1(u)
Qx =
⋃
x∈Γ1(u)
⋂
(g1,g2)∈T (x)
H(g1,g2).
We can now state the main result.
Theorem 1. The boundary of P is invariant with respect to the action of Γ1 × Γ2 . The subset
F g = Cl∂ P
(
Int(∂Hg ∩ ∂ P )
)
is a fundamental domain for the action of Γ1 × Γ2 on ∂ P . The family
(F g1g2)g1∈Γ1, g2∈Γ2
is locally ﬁnite in ∂ P . The projection L˜ → G˜ induces a Γ1 × Γ2-equivariant homeomorphism
∂ P → G˜.
The image Fg of F g under the projection is a fundamental domain for the action of Γ1 × Γ2 on G˜. The family (Fg1 g2 )g1∈Γ1, g2∈Γ2 is
locally ﬁnite. For every elements g1,h1 ∈ Γ1 , g2,h2 ∈ Γ2 with g1g2 
= h1h2 the intersection Fg1g2 ∩Fh1h2 lies in a totally geodesic
submanifold of G˜ . If Γ1 is co-compact then F g is a compact polyhedron, i.e. a ﬁnite union of ﬁnite compact intersections of half-
spaces Ia. The fundamental domain Fe can be described explicitly as
Fe = Cl∂ P Int
(
(Ee ∩ ∂Qu) −
( ⋃
x∈Γ (u)\{u}
Int Qx
))
.
Proof. The proof is similar to the proofs of Theorems A and B in [14]. Using the estimates in Lemma 1 we can show that
the family (Qx)x∈Γ1(u) is locally ﬁnite in the sense that any point of L˜ has a neighborhood intersecting only ﬁnitely many
prisms Qx . After that the proofs are along the lines of the proofs in [14]. 
4. Examples
A discrete co-compact subgroup Γ of level k in S˜U(1,1) such that the image in PSU(1,1) is a triangle group with
signature (α1,α2,α3) will be denoted by Γ (α1,α2,α3)k .
We have computed the fundamental domains explicitly for the actions of the groups Γ (5,3,3)2 × (C3)2, Γ (7,3,3)2 ×
(C3)2 and Γ (9,3,3)2 × (C3)2. The corresponding fundamental domains describe the bi-quotients Γ (5,3,3)2\S˜U(1,1)/(C3)2,
Γ (7,3,3)2\S˜U(1,1)/(C3)2 and Γ (9,3,3)2\S˜U(1,1)/(C3)2, respectively.
Some explanations are required to make the ﬁgures of fundamental domains comprehensible. The image π(Fe) of the
fundamental domain Fe is a compact polyhedron in su(1,1) with ﬂat faces. The Lie algebra su(1,1) is a 3-dimensional
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Fig. 4. Fundamental domain for Γ (7,3,3)2 × (C3)2.
Fig. 5. Identiﬁcation scheme for Γ (7,3,3)2 × (C3)2.
Fig. 6. Fundamental domain for Γ (9,3,3)2 × (C3)2.
ﬂat Lorentz space of signature (n+,n−) = (2,1). Such a polyhedron has a distinguished rotational axis of symmetry. The
direction of this axis is negative deﬁnite, and the orthogonal complement is positive deﬁnite. Changing the sign of the
pseudo-metric in the direction of the rotational axis transforms Lorentz space into a well-deﬁned Euclidean space. The
image π(Fe) of the fundamental domain is then transformed into a polyhedron in Euclidean space with dihedral symmetry.
Figs. 2, 4 and 6 show the Euclidean polyhedra obtained in this way in the cases Γ (5,3,3)2 × (C3)2, Γ (7,3,3)2 × (C3)2 and
Γ (9,3,3)2 × (C3)2, respectively. The direction of the rotational axis is vertical. The top and bottom faces are removed. The
polyhedra in Figs. 2, 4 and 6 are all scaled by the same factor to illustrate the proportions between different fundamental
domains.
Figs. 3, 5 and 7, 8 illustrate the identiﬁcation schemes for the cases Γ (5,3,3)2 × (C3)2, Γ (7,3,3)2 × (C3)2 and
Γ (9,3,3)2 × (C3)2, respectively. The face identiﬁcation is equivariant with respect to the dihedral symmetry of the polyhe-
dron. The faces labeled with the same letter and shaded in the same way are identiﬁed. Numbers on the edges of shaded
faces indicate the identiﬁed ﬂags (face, edge, vertex).
A. Pratoussevitch / Differential Geometry and its Applications 29 (2011) 507–515 515Fig. 7. Identiﬁcation scheme for Γ (9,3,3)2 × (C3)2.
Fig. 8. Identiﬁcation scheme for Γ (9,3,3)2 × (C3)2.
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